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Pi1.
P2. (a) A®B=A\BUB\A=B\AUA\B=BoA
e (b) For all A € P(S) one has A® @ = A\@ U @\A = A. Thus, Op(s) = @.
Om
(c) For all A € P(S) one has A®@ A =A\4u A\A = @. Thus (-A) = A.
mO
A ifA=p=]1
Om (d) Forall \,p € Z/.,, A€ P(S): (A\-p)@ A= ) =20 (poA).
@  otherwise
O n m . . . t
- (e) Linearly independent: B A O =0 hupliss A = 32 = oo =2 X¥ = [0].
o= Generating: A = [J{{s,} | s, € A} = B, A" e, with A™ = [1]if s,, € Aand A™ = [0]
0m otherwise,
= 1] ifs, €A 1] ita=b|
(f) €'(A4):= 1] ; , whence €”(e) = €({s}) = 1 =0 .
EO [0] ifs, & A [0] ifa#b
w0 P3. (a) (i) Known that Oy« = (v = 0), thus Oy+(s) =0 for all s € S €V and thus Oy € ann S.
EO (ii) Suppose «, 3 € ann S, then for all s € § both a(s) = 0 and B(s) = 0, so that (a @ 3)(s) =
Om a(s)+ 3(s)=0forall s € S. Hence a @ 3 € ann S.
oo (iii) Suppose o € ann S, then for all s € § one has a(s) = 0, so that for any A € F one has
= (Ama)(s) =X-a(s) =0 forall s € S, whence A\B « € ann S.
mO (b) Suppose a € ann S, then for all s € S one has a(s) = 0. But then also for all s € T € S one
Om has a(s) = 0. Thus o € ann 7.
c) For T' = {0y} and S = V, which satisfy T' € S € V, one has ann § = {0y, } and ann7 = V*.
Om _
i Thus ann S # ann T for any non-trivial V, i.e.. unless V = {0y} and thus V* = {Ov4}.
mO (d) Suppose o € imp”, then there exists a + € V* such that ¢*(7) = o, which means that
i o =170y Now suppose v € ker. Thus o(v) = (r o @)(v) = 7(¢(v)) = 7(0y) = Op for any
v € ker ¢, which means that o € ann ker .
Om
EO P4. (a) Sinceey,..., €4 1s a basis and thus a generating set for the vector space, such v, ..., v% exist.
BO Now suppose there are v, . ... v and 7', .. , 7" such that v = v™ © em and v =" @e,,. Then
T O=v-v=(2"~-7")@e,, Butsincee,,... 1 €4 1s a basis and hence linearly independent, it
= follows that v™ — ™ = 0p for m = 1,...,d. Hence the coefficients o™ are unique.
O
. (b) Foranya=1,..., d, one has " (v) = (v @ ¢,,) = v e (e) = 0™ = v
Oom (c) Components of covector o, := o(e,), components of endo % := €*((ep)), components of

oo

(1,2)-tensor T, := T(e*, ey, €.).



(d) T(o.v.w) =T(0, @ &0 e ep. W @e.) = U”vbu'CT(e“. epsec) = T pe0q oPu®.

() (aoB)% =€"((aoB)es) = €"(alB(es))) = €*(ale" (3(en)) @ €m)) = e (B(ep))e" (alen)) =

a m
G m B b

P5. Reduce the augmented matrix

2 9 -7 35|2
-116 -17 443
05 -5 15| &
|13 —2-x12) 0

for the problem to the (non-unique) REF

(101 4]0
01-13[0
0B A 1l|®
(00 0 0+ |

whose solution forces one to distinguish the cases

(a) Kk #0:
No solutions. Thus S(\. k) = @ for all k € Q*.

(b) k=0and A=0:

L. r ; 2 : :
Backwards substitution vields the equations y* =0, v° - o = 0.0 4™ =0,

o ; 1 2 3 4
Parametrising v3 = s, one obtains v = —=s, v- =8, v =8,V = 0

Thus S(0,0) = {s @ (—e; @ es @ e3)|s € Q}.

(¢c) k=0and A #0:
Backwards substitution yields the equations Avg + vy =0, vo —vz + 3vy =0, vy +vg+4vy =0.
Parametrising vy = 8, one obtains vy = =%, v2 = - <= $ —4s.
Thus S(A.0) = {(3 —4s) @ ey + (-3-3s)0ex @ (-3)@es+s50ey | s € Q} for A € Q".

Note that the above solutions merely indicate key steps

to be reached in any fully fleshed out solution.

Solutions are sketched this way in order to allow for easy inspection

and comparison to one’s own solutions offered in the exam.



