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Exam: Continuous Optimisation 2014 Monday 26" January 2015

4. Let K; C R™ be a proper cone and let A € R™" be given.

Show that if A has (full) rank n, then K, = {Ax | x € K;} is a proper cone.
You may assume that K is closed.

Solution: A closed set K, is a proper cone if the following hold:

It is a convex cone:

Consider an arbitrary y;,y. € Ky and 6, A > 0.

We wish to show that we then have (8y; + Ay3) € Ks.
dx;,x3 € Ky such that y; = Ax; and y, = Ax,.

As K, is a proper cone, we have (6x; + Ax;) € K.
Therefore (fy; + Ay2) = A(6x) + Axp) € K.

It is pointed: i

Suppose Jy € R” such that y, —~y € K.

We wish to show that we then have y = 0.

dx;, % € Ky such that y = Ax; and ~y = Axo.

We have 0 =y + (—y) = A(x1 + x3).

As A is rank n, this implies that x; + x; = 0.

Therefore we have x; € K; and —x; = x5 € K;.

As K, is a proper cone, this implies that x, = 0, and thus y = Ax; = 0.

It is full dimensional: Two possible proofs:

1. Suppose for the sake of contradiction that K, is not full dimensional.
Then there exists z € R™ \ {0} such that z”y = 0 for all y € K,.
For all x € K; we have Ax € K, and thus 0 = z7(4x) = (4Tz)x.
As A is rank n we have A%z # 0, and thus we get the contradiction that
ICq is not full-dimensional.

2. As K, is full dimensional, 3 linearly independent vectors x;,...,x, € K.
Let y; = Ax; € Ky for i = I
As A is rank n and x,,...,X, are linearly independent vectors, we have

that y1,...,¥n € Ky are linearly independent vectors.
This implies that K5 is full dimensional.

.
A K, — I «Jsﬂxe;\x:/’% Y
A H— R Ky crwtese oope of

Kaclopeeh: 2 y=A ks -2% Shew T= AT, Xe K4 Plr X, = A

X € Ka

5. Consider the following one dimensional optimisation problem:

min  2z% - 2z 7
5 (1)
sk 2>l

(a) Sketch this problem. Using this sketch find its optimal solution, z*, and its
optimal value, v(1).

(b) Give the standard sum-of-squares approximation for this problem with d = 2.

o = {ysd x| x€l]

: v A
colweol K, ot coltn’ A

[4 points]

st s

[2 points]

[3 points]
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(c) For a degree two polynomial hg(z) = az® 4 bz + ¢, give a positive semidefinite {3 points]
constraint which is equivalent to the constraint that hy € .
Thas is similar to the fact that for a degree zero polynomial hy(z) = a, we have
that hy € g if and only if a > 0.

(d) Given that (z—1)? € I, and 1 € %y, find a lower bound on the optimal value {1 point]
of the problem from part (b).

Solution:

{a) We have that x is feasible if and only if either z > 1 or z < —1.
A sketch of the objective function over the feasible set is as follows:

“f(a:) =227 -~ 2z

D - >
18 -1 =05 0 65 1 15 2 =x

From this we see that the optimal solution is at x* = 1. /Z
The optimal value is thus v(1) = f(z*) = 0.

{(b) In standard form the problem is:

, 9
min 2z° — 2z
x

gt =120 7/.2

iee m=n=1and f(z) =22" - 2z and g;(z) = 22 — 1.
We have dy = 0 and d, = 2 and d = 2. The SOS problem is thus:
1
rr}tatx t 2 /z
st 22° — 2z — t = ho(z) + hy(z) (2® - 1),
hﬁ € 22: hl € EO
N.B. T, denotes the set of sum-of-squares polynomials of degree up to

and including i. The equality in the SOS optimisation problem is coeffi-
cientunse.
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(c)

(d)

We have n = 1 and d = 2. Therefore s = [d/2] =1 and N = (}) =2 and

7 : s
v, =y {a, 1) (should be of dimension N = 2).
: . a1 Qyg 2
Considering A = : , we have vI Av, = a2 + 2a;07 + ag9.
G2 G2 K
Therefore az? + bz + ¢ = vI Av, if and only if ay; = a and ay = 3b and
o9 == C.

1
This implies that hg € 25 if and only if ( ; 5; f) e PSD2.
3

Considering ho(z) = (z — 1)? and hy(z) = 1, we have

ho(z) + hy(z) (22 =) = (x - 1) + (2 - 1) = 227 — 22 - 0.

Therefore a feasible point to the problem is ho(z) = (z—1)? and hy(z) = 1
and t = 0. This implies a lower bound to the problem of 0.

TR R 5 2
(X:'1§ji ggﬁ"g;; i’g’;}g?‘fg}lééx’#@t'z‘

(]

A

6. (Autmﬁatic additional points)

Question: | 1] 2 | 314|5|6| Total
Points: 411019141914 40

A copy of the lecture-sheets may be used during the examination.

Good luck!

[4 points]




