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§xan:: C*::ii::xrus Sptixri:alio:: ?§t4 §,1*::day ?§tL Ja::uarv 2*15

4" l,et iCl C IR* !:e a p:*per col1a a::c] let é § &"*" l:e g!v*::"

§h*w that if é i:as if:-:t]] rank r:, th**. rl2: {.,4x lx € {1} is a pr.opsÍ c*::*.
You may &§sul:1e tlat €2 is clcsecl.

§olutiox: À clcs*d sei :{3 is a proper" cor:* i§ tl:e í*11*:vi*g l:*kl:

ï!*is a ccr:,gx l*§q:
C*:rsider an a:'*itr*:'y y:,§: e rCs a:::l #, À t *.
1{r* wis* ic ;***, tl:.aÈ rr* il:e:: }:av* {§y, + Ày2} e {2.
3x1,x2 § rï1 s::*h ilat ys : Éx: ar:j yz :,4x:.
As {; is a p:oper c*::e} lïe have i$xl + Àx2} * }I1.
Therefot'e {#y, -:- }y:} : *{Sx1 + Àxz) e l*.
ït iq pcinrectj
§upp*s* ïy € K" sucl: tl:*t y, -y € lï:.
1Ye rvisl t* sl:*lv ihat :ye ïhe:: i:ave y : *.
lx1,x3 C {1 §ueb t}at y : .Axl and *y * rtx:.
lVe have $ = y - {-y} : é{xr + -r}.
Às ,4 is rank zz, rhis in:pli*s that xr * x: : G.

ïherefore wc have xr € (: and *x1 : x2 € {1.
As {1 i* a pr*p*: coae. thls ir:plies t}at x1 : §, and ihus y: éx: : C.

li iS fr-rll diir:e*sio:ra1: ïr,e'o possii:le proafs:

1. §uppos* l*: tlie sake of cor:trarlictian tlal §2 is l*t full dimensi*r:a1.
Th*:r ti:ere exlsls z € Rn \ {ii} c:::h that a"y : 0 far all y s §:.
§*r all x Ë {i rve have "4x e ,{2, a::d thus G : z?{éx; : {,4"2}"x.
Àe ,4 is rar:.k rz wc have *"2 # *, and t,hus rve get the ca:rtladicti*r: iiral
[1 is ::ot fall-dir::exsi**a]"

2. Às [r is fa]1 dimensior:al, 3 iinear.ly ir**pendett vectols xr: . " " , x., € K1.
let y1 : éx; € §r for z : 1,... :r..
Às é is lank rz àn* x1,.".,xnr are linearly i:rdepe::dexl vcctols, wc l:av*
that y1, . . . , y,: € Ë: a.:. linearly indeper:d*r:t vectors.
This impli** lh*t Ës i* íull di:nensia::*,1.

í/*d*?t.x,*t?*=Aro -34 §tï{r"}^} i= Af ,§e 
'{;§" Consi<ler the i*ll*rviníf"t i*-rsional oprimisari*n i:robtem:

min 2r' - 2r- ít r

s"l. s?11 \^1

sketcl: this p:ab1e:r:. usi*g this sket*h §ad its *pti:n*l solutic:r, *u, *nd its
optimai r.air:*, vil)"
Give the standard sum*cf-squere§ *pproximatior: f*r this prohrlem rvilh d: ?"
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§xam: C*ntinuor.ls Optimisation ?0tr4 "*Ionday 2§th Janu*ry 201§

{*} For * drym tnm pol5rnomid IA{*} : agf +k + §, §sre a posièirre sernidefini§*
csnstrain* whieh is equina[ent to the mnetrais& ehat I* € Xz.
?à?s rs s*ndI*r to *Í*eJccf *§*t, f*r a dErree axrr ptyrlrxr$*lla1(rr) : &, rrr trleeae,

ÍÀaf h1 € & {f erl,d ffi*V ef c à S,

{d} Given that {r - r}' e & *nd 1 § rb, snd a losper bcund oa the optimal rdae
ef the prableru from p*rt {b}"

{3 points}

{r eoirltï

Ji
f

4

atlr

líL

§oïution:

{a} l&e have that c is feasible if and snly if either s } I or r S -tr.
A sletr.h of the objectirm fuactisn oxer the feasibl* set is as follmrs:

I
§

4

3

2

1

-1.§ *' -{r-§ 0.§ ï 1.5 2a

I'ïoa this we see that the optimal soh.ltioa is at x* * 1.

The optiaral iralue is thr"us u{1): f{r.} * 0"

{b} In standard form the problem is:

min ?&2 * k
s.t" *-t>8,

í.e. m: Ír a I and .f(s) : Z*2 * 2* and grir) : r? * 1.
'We 

have 4 = 0 and d1 :2 axrd d:2. The §O§ problem is thus:

mat( t
h,t

s.r. 2*2 _ 2s _ t: Iia(r) + fu{r) {*, _ t},
Ib eI.z, lar € &.

N.B. E,' d,enates the set of suw-of-sq,,xrres poiynom,ials of d.egree *p to
and i,ncluding i. Th,e *qualítg ín the §a§ optimisation problem is eouffi-
cienhdse,



Exam: Contiru*us Opti:nisailot 2S14 h'lc::da), Z§tb January 2015

(c) 1{re lrave n: 1 *,:rd d: ?. ïherefore s: ld,l21: 1 anrl li: (ï) = 2 aucl

vs : v: : {r,, 1}' (shoald l:e of di:r:er:sic::. lY : ?}.

Carxideri:r g ,4: (:" lt'), lr* hav* v§',Avs : íruÍr? * 2a12r * *2,2.
\rrrz azzj'

ïhe:'efore *r2 * Ör I c : vf,4y* i§ aurl *r:ly if &:: : G, and ni2 : |b a:rd
LL22 - t-,

?his irxpli*s ti:*t &* € X: i{ and onf:, lf í,o, *:) - PSï.z." \ËD C/

(d) Considbrir:g li6{r) : {:x - 1): and à1{r) : L, we }ave

li3(r) +à1{:r}{r? - 1} : {* * 1}' * {r' - 1} : 2s: - 2r - §.

Therefare u f***ilrl* point to the problem is hp{r) : (x;-1}2 and hlir} : 1

ar:* t : 0. This i:xplies a lawer bound i* ilie pr*blem cf 0.

íl,r; § íx,u,f = *.:* varJ**+ í *§w

6. (Automatic ad:litional poinis)

Quesiic*.: t 2 3 4 5 6 Total

Paints: 4 ifi § & § 4 4i

A copy of the lecture-sheets may be used during the examination.
Good luck!
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