Dr. José A. Iglesias Martinez University of Twente
Dr. Felix Schwenninger Q1 2024

Analysis 3: Exam 23-10-2024

The basic time allocated for this exam is 3 hours (8:45-11:45)
No books, cheatsheets or electronic devices are allowed.
All answers must be justified, unless a question is explicitly marked as “final answer”

Question 1 (2p). Let (M, d;) and (Mg, dy) be two metric spaces, and define a function
D : (My x M) x (M x My) — [0, 400) by

D(x,y) = max {di(x1,91), da(z2,y2)} where x = (z1,22), ¥ = (1, %2).
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Question 2 (2p+2p, final answer). Find the closure and interior of the following sub-
sets of metric spaces:

Show that (M; x My, D) is also a metric space.

A= {(ml,asg)T eR?: 22+ 72 <1and 2y # 0} in (R?, dp),
B=Qn(0,1) in (R,do),

where dj is the discrete metric.

Question 3 (4p). Let S C R be given by W th C-IQ (“(/)T M_y(

S={% : neN}U{O}.

Show that S is compact.

Question 4 (5p). Let (M,dy) and (N,dy) be two metric spaces, and f:M — N be
continuous, surjective, and such that

du(z,y) < dy(f(2), f(y)) forall 2,y € M.
Show that if (M, dys) is complete, then (N,dn) is also complete.
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Question 5 (3p+2p+3p). Consider the function f : R? — R? defined by

-

P il
Fisgslv= (z2log(z? + x3), 1)  if (z1,22)7 #(0,0)7
0,007 if (z1,z2)" = (0,0)7.
(a) Ts f differentiable at all points x € R??

(b) State the inverse function theorem for a function g : O — R2 with O C R? open.

(¢) Use the inverse function theorem to find a local inverse to f which is defined on
an open set containing the point

= (& .]°
yU_ 2? 2 )

and compute the Jacobian matrix of this local inverse at yp.

Question 6 (4p). Let E C R? be given by

B { (%%)T neN}u{(o,o)T}.

Show that E is of volume zero.

Question 7 (4p). Let v:[0,7] - R? and F: R® —» R? be given by

y(t) = (sin(t),sin(t),COS(Wf))T ,

: . . i ¥
F(z1, %y, 3) = (323 + 23 + 23, af + 323 + a3, o} + a3 +323) .

Denoting C = ([0, 7r]), evaluate the oriented line integral
/ F-"T.:ds:
L .

Question 8 (4p). Let E C R? be defined by

E= {(1:1,12,3:3)T 171 20,22 20,21 + Cb‘zi 12 & [0, 1]},

and denote by S its topological boundary GF oriented negatively (that is, with unit
normal vector N pointing towards F). For F : R3 - R3 defined by

-
F (21,22, 73) = (VT2 7923, J?%) ,

evaluate the oriented surface integral

/F-NdA.
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Grading: [35 Points in this exam]/5 + [Sum of best 5 of tutor session+hand-in]*3/50




